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Abstract
A pattern α, i.e., a string that contains variables and terminals, matches a
terminal word w if w can be obtained by uniformly substituting the variables
of α by terminal words. Deciding whether a given terminal word matches a
given pattern is NP-complete and this holds for several natural variants of the
problem that result from whether or not variables can be erased, whether or not
the patterns are required to be terminal-free or whether or not the mapping of
variables to terminal words must be injective. We consider numerous parameters
of this problem (i. e., number of variables, length of w, length of the words
substituted for variables, number of occurrences per variable, cardinality of the
terminal alphabet) and for all possible combinations of the parameters (and
variants described above), we answer the question whether or not the problem
is still NP-complete if these parameters are bounded by constants.
Keywords: Parameterised Pattern Matching, Function Matching,
NP-Completeness, Membership Problem for Pattern Languages, Morphisms

1. Introduction
In the present work, a detailed complexity analysis of a computationally hard
pattern matching problem is provided. The patterns considered in this context
are strings containing variables from {x1 , x2 , x3 , . . .} and terminal symbols from
a finite alphabet Σ, e. g., α := x1 a x1 b x2 x2 is a pattern, where a, b ∈ Σ. We
say that a word w over Σ matches a pattern α if and only if w can be derived
from α by uniformly substituting the variables in α by terminal words. The
respective pattern matching problem is then to decide for a given pattern and
a given word, whether or not the word matches the pattern. For example, the
pattern α from above is matched by the word u := bacaabacabbaba, since
substituting x1 and x2 in α by baca and ba, respectively, yields u. On the other
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hand, α is not matched by the word v := cbcabbcbbccbc, since v cannot be
obtained by substituting the variables of α by some words.
To the knowledge of the authors, this kind of pattern matching problem
first appeared in the literature in 1979 in form of the membership problem for
Angluin’s pattern languages [3, 4] (i. e., the set of all words that match a certain
pattern) and, independently, it has been studied by Ehrenfeucht and Rozenberg
in [10], where they investigate the more general problem of deciding on the
existence of a morphism between two given words (which is equivalent to the
above pattern matching problem, if the patterns are terminal-free, i. e., they
only contain variables).
Since their introduction by Angluin, pattern languages have been intensely
studied in the learning theory community in the context of inductive inference
(see, e. g., Angluin [4], Shinohara [32], Reidenbach [24, 25] and, for a survey, Ng
and Shinohara [22]) and, furthermore, their language theoretical aspects have
been investigated (see, e. g., Angluin [4], Jiang et al. [19], Ohlebusch and Ukkonen [23], Freydenberger and Reidenbach [12], Bremer and Freydenberger [7]).
However, a detailed investigation of the complexity of their membership problem, i. e., the above described pattern matching problem, has been somewhat
neglected. Some of the early work that is worth mentioning in this regard is by
Ibarra et al. [17], who provide a more thorough worst case complexity analysis,
and by Shinohara [33], who shows that matching patterns with variables can be
done in polynomial time for certain special classes of patterns. Recently, Reidenbach and Schmid [26, 27] identify complicated structural parameters of patterns
that, if bounded by a constant, allow the corresponding matching problem to
be performed in polynomial time (see also Schmid [29]).
In the pattern matching community, independent from Angluin’s work, the
above described pattern matching problem has been rediscovered by a series of
papers. This development starts with [5] in which Baker introduces so-called
parameterised pattern matching, where a text is not searched for all occurrences
of a specific factor, but for all occurrences of factors that satisfy a given pattern with parameters (i. e., variables). In the original version of parameterised
pattern matching, the variables in the pattern can only be substituted by single
symbols and, furthermore, the substitution must be injective, i. e., different variables cannot be substituted by the same symbol. Amir et al. [1] generalise this
problem to function matching by dropping the injectivity condition and in [2],
Amir and Nor introduce generalized function matching, where variables can be
substituted by words instead of single symbols and “don’t care” symbols can be
used in addition to variables. In 2009, Clifford et al. [9] considered generalised
function matching as introduced by Amir and Nor, but without “don’t care”
symbols, which leads to patterns as introduced by Angluin.
In [2], motivations for this kind of pattern matching can be found from such
diverse areas as software engineering, image searching, DNA analysis, poetry
and music analysis, or author validation. Another motivation arises from the
observation that the problem of matching patterns with variables constitutes
a special case of the matchtest for regular expressions with backreferences (see,
e. g., Câmpeanu et al. [8], Schmid [30]), which nowadays are a standard ele2

ment of most text editors and programming languages (cf. Friedl [14]). Due
to its simple definition, the above described pattern matching paradigm also
has connections to numerous other areas of theoretical computer science and
discrete mathematics, such as (un-)avoidable patterns (cf. Jiang et al. [18]),
word equations (cf. Mateescu and Salomaa [21]), the ambiguity of morphisms
(cf. Freydenberger et al. [13]), equality sets (cf. Harju and Karhumäki [16]) and
database theory (cf. Barceló et al. [6]).
It is a well-known fact that – in its general sense – pattern matching with
variables is an NP-complete problem; a result that has been independently reported several times (cf. Angluin [4], Ehrenfeucht and Rozenberg [10], Clifford
et al. [9]). However, there are many different versions of the problem, tailored to
different aspects and research questions. For example, in Angluin’s original definition, variables can only be substituted by non-empty words and Shinohara
soon afterwards complemented this definition in [32] by including the empty
word as well. This marginal difference, as pointed out by numerous results, can
have a substantial impact on learnability and decidability questions of the corresponding classes of non-erasing pattern languages on the one hand and erasing
pattern languages on the other. If we turn from the languages point of view of
patterns to the respective pattern matching task, then, at a first glance, this
difference whether or not variables can be erased seems negligible. However, in
the context of pattern matching, other aspects are relevant, which for pattern
languages are only of secondary importance. For example, requiring variables
to be substituted in an injective way is a natural assumption for most pattern
matching tasks and bounding the maximal length of these terminal words by
a constant (which would turn pattern languages into finite languages) makes
sense for special applications (cf. Baker [5]). Hence, there are many variants of
the above described pattern matching problem, each with its individual motivation, and the computational hardness of all these variants cannot directly be
concluded from the existing NP-completeness results.
For a systematic investigation, we consider the following natural parameters:
the number of different variables in the pattern, the maximal number of occurrences of the same variable in the pattern, the length of the terminal word, the
maximum length of the substitution words for variables and the cardinality of
the terminal alphabet. Hence, there are 25 different combinations of parameters
and coupling these with the 23 variants of the pattern matching problem with
variables results in 256 individual problems. For each of these problems, the
question arises whether or not the parameters can be bounded by (preferably
small) constants such that the resulting variant of the pattern matching problem is still NP-complete. In this paper, by giving a brief overview of all the
existing related results that we are aware of, we show that answers to many
of these questions can already be concluded from the literature. Nevertheless,
several important cases have not yet been settled and our main contribution
is to close all these remaining gaps, such that we obtain an answer for all of
these 256 questions. In this regard, we provide dichotomy results (in terms of
Schaefer [28]) for the pattern matching problem with variables with respect to
the above mentioned parameters.
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The main motivation for undertaking such a research task is the following.
While many NP-complete problems naturally occur in theory and also in practical situations, it is almost never the case that the actual problem that has to
be solved is exactly the one for which NP-completeness has been established.
It is rather the case that we face a subproblem of an NP-complete problem,
tailored to the context in which it is encountered. This is also the reason why
NP-completeness results are usually accompanied with statements like “This
problem is still NP-complete, even if . . . ”. As an example, consider the intensive research that is done on proving NP-completeness for graph problems on
restricted classes of graphs as planar graphs, graphs with constant degree and
so on or the classical results that the satisfiability problem for Boolean formulas
is NP-complete even if every clause contains at most 3 literals. Similarly, if
some kind of pattern matching problem with variables is encountered, this is
most likely not exactly one of the versions for which NP-completeness has been
established in the literature, but, as we believe, it is very likely to be covered by
one of the 256 restricted subproblems described above. Therefore, a thorough
analysis of the complexity of these problems is a worthwhile research task.
This paper is organised as follows. In Section 2, we recall some general
concepts and we formally define the pattern matching problem with variables.
In Section 3, we first provide an overview of all the related results that exist in
the literature and that we are aware of and, furthermore, we outline the proof
technique that shall be used in order to establish our new results. The main part
of the paper is represented by Sections 4 and 5. More precisely, in Section 4 we
only consider the non-injective variants of the pattern matching problem with
variables and in Section 5, the injective variants are investigated. In each of
these parts, we shall first consider the erasing case and then the non-erasing
one. Finally, in Section 6, we summarise our results and state some related
open problems.
2. Preliminaries
Let N := {1, 2, 3, . . .}. For an arbitrary alphabet A, a word (over A) is a
finite sequence of symbols from A, and ε is the empty word. The notation A+
denotes the set of all non-empty words over A, and A∗ := A+ ∪ {ε}. For the
concatenation of two words w1 , w2 we write w1 w2 . We say that a word v ∈ A∗
is a factor of a word w ∈ A∗ if there are u1 , u2 ∈ A∗ such that w = u1 v u2 . The
notation |K| stands for the size of a set K or the length of a word K.
Let X := {x1 , x2 , x3 , . . .} and every x ∈ X is a variable. Let Σ be a finite
alphabet of terminals with Σ ∩ X = ∅. Every α ∈ (X ∪ Σ)+ is a pattern and
every w ∈ Σ∗ is a (terminal ) word. For any pattern α, we refer to the set
of variables in α as var(α) and, for any variable x ∈ var(α), |α|x denotes the
number of occurrences of x in α.
Let α be a pattern. A substitution (for α) is a mapping h : var(α) → Σ∗ .
For every x ∈ var(α), we say that x is substituted by h(x) and h(α) denotes
the word obtained by substituting every occurrence of a variable x in α by
h(x) and leaving the terminals unchanged. If, for every x ∈ var(α), h(x) 6= ε,
4

then h is non-erasing (h is also called erasing if it is not non-erasing). If, for
all x, y ∈ var(α), x 6= y and h(x) 6= ε 6= h(y) implies h(x) 6= h(y), then h is
E-injective 1 and h is called injective if it is E-injective and, for at most one
x ∈ var(α), h(x) = ε.
Example 1. Let β := x1 a x2 b x2 x1 x2 be a pattern, let u := bacbabbacb and
let v := abaabbababab. It can be verified that h(β) = u, where h(x1 ) = bacb,
h(x2 ) = ε and g(β) = v, where g(x1 ) = g(x2 ) = ab. Furthermore, β cannot be
mapped to u by a non-erasing substitution and β cannot be mapped to v by an
injective substitution.
If the type of substitution is clear from the context, then we simply say that
a word w matches α to denote that there exists such a substitution h with
h(α) = w.
We are now ready to formally define the pattern matching problem with
variables, denoted by PMV, which has informally been described in Section 1:
PMV
Instance: A pattern α and a word w ∈ Σ∗ .
Question: Does there exist a substitution h with h(α) = w?
As explained in Section 1, the above problem exists in various contexts with
individual terminology. Since we consider the problem in a broader sense, we
term it pattern matching problem with variables in order to distinguish it –
and all its variants to be investigated in this paper – from the classical pattern
matching paradigm without variables.
Next, we define several parameters of PMV. To this end, let α and w be a
pattern and a word, respectively, over Σ and let h be a substitution for α.
 ρ| var(α)| := | var(α)|,
 ρ|α|x := max{|α|x | x ∈ var(α)},
 ρ|w| := |w|,
 ρ|Σ| := |Σ|,
 ρ|h(x)| := max{|h(x)| | x ∈ var(α)}.

The restricted versions of the problem PMV are now defined by P -[Z, I, T ]PMV, where P is a list of bounded parameters, Z ∈ {E, NE} denotes whether
we are considering the erasing or non-erasing case, T ∈ {tf, n-tf} denotes
whether or not we require the patterns to be terminal-free and I ∈ {inj, n-inj}
denotes whether or not we require the substitution to be injective (more precisely, if Z = NE, then I = inj denotes injectivity, but if Z = E, then I = inj
1 We use E-injectivity, since if an erasing substitution is injective in the classical sense, then
it is “almost” non-erasing, i. e., only one variable can be erased.
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]-[NE, n-inj, tf]- PMV de, ρc|h(x)|
, ρc|Σ|
denotes E-injectivity). For example, [ρc|α|
x
notes the problem to decide for a given terminal-free pattern α with max{|α|x |
x ∈ var(α)} ≤ c1 and a given word w ∈ Σ∗ with |Σ| ≤ c2 , whether or not
there exists a non-erasing substitution h (possibly non-injective) that satisfies
max{|h(x)| | x ∈ var(α)} ≤ c3 and h(α) = w, where c1 , c2 and c3 are some
constants.
The role of parameter ρ|h(x)| is somewhat special and should therefore be
explained in more detail. While bounding any of the parameters ρ| var(α)| , ρ|α|x ,
ρ|w| or ρ|Σ| by a constant constitutes a restriction of the instance comprising of
a pattern α and a word w, this is not the case for parameter ρ|h(x)| . Therefore,
for all variants of PMV where ρ|h(x)| is bounded, we assume that the actual
bound of ρ|h(x)| is given as part of the instance. In particular, this means
that NP-completeness of a variant of PMV where ρ|h(x)| is upper bounded by
constant c is preserved if instead ρ|h(x)| is upper bounded by constant c0 > c
and, analogously, tractability is preserved if the constant bound is decreased.
For the other four parameters this is obviously true. Moreover, since we can
always assume that c ≤ |w|, adding the possible bound c on ρ|h(x)| to the input
does not asymptotically increase the input size, regardless of whether this is done
in a unary or binary way. This also justifies that, for presentational reasons, in
our hardness reductions, we do not explicitly mention the bound c.
The contribution of this paper is to show for each of the 256 individual
problems P -[Z, I, T ]-PMV (either by citing known results from the literature
or by giving an original proof) whether or not there exist constants such that
if the parameters in P are bounded by these constants, this version of PMV is
still NP-complete or whether it can be solved in polynomial time. To this end,
we first summarise all the respective known results from the literature and then
we close the remaining gaps. We wish to point out that the constant bounds
in our NP-completeness results, although often fairly small, are not necessarily
the smallest possible.

3. The Hardness of Pattern Matching with Variables
We shall now briefly summarise those variants of PMV, for which NPcompleteness or membership in P has already been established. This shall be
done in form of tables, in which a numerical entry denotes a constant bound
of a parameter, the entry “–” means that a parameter is unrestricted and N
denotes that the result holds for any constant bound. The known tractability
results, which are presented in Table 1, are fairly scarce. In order to see that all
versions of PMV can be solved efficiently if the number of variables is bounded,
we informally describe an obvious and simple brute-force algorithm. For some
instance (α, w) of PMV with m := | var(α)|, we simply enumerate all tuples
(u1 , u2 , . . . , um ), where, for every i, 1 ≤ i ≤ m, ui is a factor of w. Then, for
each such tuple (u1 , u2 , . . . , um ), we check whether h(α) = w, where h is defined
by h(xi ) := ui , 1 ≤ i ≤ m. This procedure can be performed in time exponential only in m and, furthermore, it is generic in that it works for any variant of
PMV. This implies Row 1 of Table 1.
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1
2
3
4

E / NE
E,NE
E,NE
E,NE
E,NE

inj / n-inj
inj, n-inj
inj, n-inj
inj, n-inj
inj, n-inj

| var(α)|
N
–
–
–

tf / n-tf
tf, n-tf
tf, n-tf
tf, n-tf
tf, n-tf

|w|
–
N
–
–

|Σ|
–
–
1
–

|α|x
–
–
–
1

Ref.
–
[15]
–
–

Table 1: Overview of known tractability results

In the non-erasing case, a restriction of ρ|w| implicitly bounds ρ| var(α)| as well
and, thus, all the corresponding versions of the pattern matching problem with
variables can be solved efficiently. Moreover, in [15], Geilke and Zilles show that
if ρ|w| ≤ c, for some constant c, then this particularly implies that the number
of variables that are not erased is bounded by c as well. As demonstrated in
[15], this means that also for the erasing case PMV can be solved in polynomial
time if the length of the input word is bounded by a constant, which implies
Row 2 of Table 1. Finally, it can be easily shown that PMV can be solved in
polynomial time if either of the parameters ρ|Σ| or ρ|α|x is bounded by 1 (see,
e. g., Schmid [29]).
Next, in Table 2, we briefly summarise those variants of PMV, for which
NP-completeness has already been established.

1
2
3
4
5
6

E / NE
NE
E, NE
NE
NE
NE
E

inj / n-inj
n-inj
n-inj
n-inj
inj
inj
n-inj

tf / n-tf
n-tf
tf
tf
tf
tf
n-tf

|h(x)|
3
3
2
–
2
–

|α|x
–
–
–
–
–
2

|Σ|
2
2
2
2
–
2

Ref.
[4]
[10]
[9]
[9]
[9]
[31]

Table 2: Overview of known NP-completeness results

As indicated by Rows 1 to 4 and Row 6, restricting ρ|Σ| does not seem to help
solve PMV efficiently. In [31] it is shown that even if we additionally require the
number of occurrences per variable to be bounded by 2, then PMV is still NPcomplete. However, regarding these two parameters, we seem to have reached
the boundary between P and NP-completeness, as pointed out by Rows 3 and 4
of Table 1.
Since every version of PMV, for which ρ| var(α)| or ρ|w| is restricted, can be
solved in polynomial time, in the following, we shall neglect these two parameters
and focus on the remaining 3 parameters ρ|α|x , ρ|Σ| and ρ|h(x)| .
In the next section, we investigate the complexity of all the variants of the
pattern matching problem with variables that are not already covered by Table 2. Most of these variants turn out to be NP-complete. A summary of all
the following results can be found in Table 3.
7

The general proof technique to establish these results is to conduct a polynomial reduction from the problem of checking whether or not a given graph has
a so-called perfect code, which shall be defined more formally in the following.
Let G = (V, E) be a graph with V := {t1 , t2 , . . . , tn }.2 A vertex s is the
neighbour of a vertex t if {t, s} ∈ E and the set NG [t] := {s | {t, s} ∈ E} ∪ {t} is
called the (closed ) neighbourhood of t. If, for some k ∈ N, every vertex of G has
exactly k neighbours, then G is k-regular. A perfect code for G is a subset C ⊆ V
with the property that, for every t ∈ V , |NG [t] ∩ C| = 1. Next, we define the
problem to decide whether or not a given 3-regular graph has a perfect code:
3RPerCode
Instance: A 3-regular graph G.
Question: Does G contain a perfect code?
In [20], Kratochvı́l and Kr̆ivánek prove the problem 3RPerCode to be NPcomplete:
Theorem 2 (Kratochvı́l and Kr̆ivánek [20]). The problem 3RPerCode is
NP-complete.
As mentioned above, all the following NP-completeness results can be proved
by reducing 3RPerCode to the appropriate variant of PMV. However, since
these reductions must cater for the different variants of the problem (i. e., erasing
or non-erasing, injective or non-injective, with terminals or terminal-free) as well
as for the choice of the restricted parameters, it can be challenging to adapt an
NP-completeness proof that works for one version to a seemingly only slightly
different version. In order to illustrate these difficulties in a bit more detail, we
shall outline the general idea of our reductions.
For the remainder of the entire paper, we define now G = (V, E) to be a 3regular graph, where V := {t1 , t2 , . . . , tn } and, for every i, 1 ≤ i ≤ n, let Ni ⊆ V
be the neighbourhood of ti . In order to define a reduction from 3RPerCode
to the pattern matching problem with variables, we can simply use a variable
xi for every ti ∈ V and represent a neighbourhood as the concatenation of the
appropriate variables, e. g., N7 = {t2 , t6 , t7 , t12 } is represented by the factor
β7 := x2 x6 x7 x12 . Then, since we want to select exactly one vertex from every
Ni , we align each of these βi with a single occurrence of the symbol a, i. e., we
construct a pattern α := β1 #β2 # . . . #βn and a word w := a#a# . . . #a, where
# is a symbol used as a separator. It can be easily verified that if w matches α,
then, since every βi matches a, in each βi exactly one variable is mapped to a
and all the others are mapped to the empty word. This directly translates to a
perfect code of G. Equivalently, a perfect code in G implies a substitution that
maps α to w.
2 Usually, vertices in a graph are denoted by v , v , . . ., but we reserve the characters u, v
1 2
and w for words and factors.
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In our terminology, the above sketched reduction shows the NP-completeness
of [E, n-inj, n-tf]-PMV. This is due to the fact that we use the terminal symbol
# in the pattern (so the pattern is not terminal-free), we need the ability to
erase variables and, as several variables are mapped to the same word a, the
mapping of variables is non-injective. A closer look further reveals that in
fact [ρ1|h(x)| , ρ4|α|x , ρ2|Σ| ]-[E, n-inj, n-tf]-PMV is NP-complete, since we only use
two different terminal symbols, every variable is substituted by either a or the
empty word and, as every vertex is contained in exactly 4 neighbourhoods, every
variable xi occurs at most 4 times in α.
It is not straightforward to adapt this reduction to other variants of PMV.
For example, if we want to adapt the reduction to the terminal-free case, then
we cannot use the symbol # as a separator in α anymore, which plays an
important role in the above reduction, since it forces certain parts of the pattern
to be matched to certain parts of the word. An idea to make α terminal-free
would be to replace every occurrence of # in α by a new variable y# that is
somehow forced to match the single symbol #. However, this leads to other
problems: we lose the bound on the number of occurrences per variable. If
we cater for that by using an individual variable per occurrence of #, then
we lose the injectivity. Furthermore, if we try to maintain the injectivity by
using different separator symbols #i , then we blow up the alphabet size and,
finally, restricting the alphabet size by using binary encodings of the symbols
#i requires an unbounded length of the substitution words.
Consequently, adapting the simple reduction sketched above to individual
reductions from 3RPerCode to each NP-complete version of PMV involves
considerable technical difficulties.
In the following, in Section 4, we first investigate the complexity of all noninjective variants of PMV for which the question of NP-completeness is still
open and then, in Section 5, we take a closer look at the injective variants.
In both of these sections, we shall first consider the erasing and then the nonerasing case.
4. The Non-Injective Case
In this section we show that for all non-injective variants of PMV, we can
find rather small constants such that if we bound the parameters ρ|h(x)| , ρ|α|x
and ρ|Σ| by these constants, then the problem is still NP-complete. We first
consider the erasing case, for which we can present slightly stronger results, and
then we take a closer look at the non-erasing case.
4.1. The Erasing Case
In the following, we show that the problem [ρ1|h(x)| , ρ2|α|x , ρ2|Σ| ]-[E, n-inj, tf]PMV is NP-complete. This problem can be rephrased in terms of renamings.
In this regard, a renaming is simply a mapping h : Σ → Γ, where Σ and Γ
are alphabets. The problem to decide for a given word u1 u2 . . . un , ui ∈ Σ,
1 ≤ i ≤ n, and a word v ∈ Γ∗ , whether there exists a renaming h : Σ → Γ, such
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that h(u1 )h(u2 ) . . . h(un ) = v can be easily solved in linear time. We simply
align u and v (which must have the same length) and check position by position
whether the symbol in u (and all its occurrences in u) can be turned into the
corresponding one in v in such a way that all the changed symbols agree in
both words. The NP-completeness result mentioned above implies that this
problem of finding a renaming becomes NP-complete, only if we are looking for
an erasing renaming h : Σ → (Γ ∪ {ε}), even if |Γ| = {a, b} and every symbol
in u has at most 2 occurrences. This is surprising, since the simple formulation
of the problem leads us to believe that it might be solvable in polynomial time
by some kind of dynamic programming strategy. Especially the fact that every
symbol ui , 1 ≤ i ≤ n, has to be either turned into a, b or the empty word and
there exists at most only one other occurrence of the symbol ui makes it sound
simpler than it apparently is.
We can further note that the problem [ρ1|h(x)| , ρ2|α|x , ρ2|Σ| ]-[E, n-inj, tf]-PMV
is arguably the strongest restricted NP-complete variant of PMV, since any
further restriction makes it trivially solvable in polynomial time. More precisely,
as mentioned above, the non-erasing version of this problem is solvable in linear
time. If ρ|α|x or ρ|Σ| is bounded by 1 instead of 2, then, as mentioned in
Section 3, the problem becomes polynomial time solvable and the parameter
ρ|h(x)| is already bounded in the strongest possible sense. Furthermore, we shall
show that its injective version is in P as well (see Theorem 9).
Theorem 3. [ρ1|h(x)| , ρ2|α|x , ρ2|Σ| ]-[E, n-inj, tf]-PMV is NP-complete.
Obviously, the NP-completeness of a terminal-free variant of PMV carries
over to the non-terminal-free case as well; thus, Theorem 3 shows that the nonterminal-free case is NP-complete as well. In order to prove Theorem 3, we
devise a reduction from 3RPerCode to [ρ1|h(x)| , ρ2|α|x , ρ2|Σ| ]-[E, n-inj, tf]-PMV.
For the sake of a clearer presentation, we shall first define a reduction to the
non-terminal-free case, which is then extended to the terminal-free case.
We recall that in all the following constructions G = (V, E) is a 3-regular
graph with V := {t1 , t2 , . . . , tn } and, for every i, 1 ≤ i ≤ n, Ni is the neighbourhood of ti . Since the neighbourhoods play a central role, we shall define
them in a more convenient way. For every r, 1 ≤ r ≤ 4, we use a mapping ℘r : {1, 2 . . . , n} → {1, 2 . . . , n} that maps an i ∈ {1, 2 . . . , n} to the
index of the rth vertex of neighbourhood Ni , i. e., for every i, 1 ≤ i ≤ n,
Ni = {t℘1 (i) , t℘2 (i) , t℘3 (i) , t℘4 (i) }. Obviously, the mappings ℘r , 1 ≤ r ≤ 4, imply
a certain order on the vertices in the neighbourhoods, but, since our constructions are independent of this actual order, any definition of these mappings is
fine.
Let Σ := {a, #, ¢} be a terminal alphabet. We define a mapping ΦE that
maps G to a pattern α and a word w ∈ Σ∗ , such that, for every x ∈ var(α),
|α|x ≤ 2. We shall later show how this mapping can be modified in such a way
that a binary alphabet is sufficient. Since the basic idea of all the following
reductions is similar, it is beneficial to invest some more time here to illustrate
it in an informal way. We basically use the idea described in Section 3, but
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in order to bound the number of occurrences per variable by 2, we represent
each single occurrence of a vertex in a neighbourhood by an individual variable.
More precisely, the occurrence of vertex ti in the neighbourhood of vertex tj
is represented by variable xi,j . This requires a gadget that synchronises the 4
variables xi,j1 , xi,j2 , xi,j3 , xi,j4 that correspond to ti , i. e., we have to make sure
that either all of these 4 variables are mapped to a or none of them is.
The formal definition of α and w is as follows. For every i, 1 ≤ i ≤ n, let
βi := x℘1 (i),i x℘2 (i),i , x℘3 (i),i , x℘4 (i),i and
ui := a .
Furthermore, for every i, 1 ≤ i ≤ n, we define
γi := yi ¢ xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢ zi,1 zi,2 zi,3 zi,4 yi0 and
vi := ¢ ¢ a4 ¢ .
Finally, we define
α := β1 # β2 # · · · # βn # γ1 # γ2 # · · · # γn ,
w := u1 # u2 # · · · # un # v1 # v2 # · · · # vn ,
and ΦE (G) := (α, w). We note that every variable of form zi,j , yi or yi0 has
exactly one occurrence in α. Every variable of form xi,j has one occurrence in
each βj and γi . Thus, for every x ∈ var(α), |α|x ≤ 2. The following lemma
states that ΦE is in fact a reduction.
Lemma 4. Let (α, w) := ΦE (G). There is a perfect code in G if and only if
there exists a substitution h for α such that h(α) = w and, for every x ∈ var(α),
|h(x)| ≤ 1.
Proof. We begin with the if direction and assume that there exists a substitution h for α, such that h(α) = w and, for every x ∈ var(α), |h(x)| ≤ 1.
Since in α there are as many occurrences of # as in w, we can conclude that,
for every i, 1 ≤ i ≤ n, h(βi ) = ui and h(γi ) = vi . Consequently, for every i,
1 ≤ i ≤ n, h(x℘l (i),i ) ∈ {a, ε}, 1 ≤ l ≤ 4, and there is exactly one l, 1 ≤ l ≤ 4,
with h(x℘l (i),i ) = a. Furthermore, for every i, 1 ≤ i ≤ n,
case 1: h(¢ xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢) = ¢ a4 ¢ or
case 2: h(¢ xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢) = ¢ ¢ .
This is due to the fact that h(¢ xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢) = ¢ ¢ a4 ¢ implies
that in h(β1 # β2 # · · · # βn ) there is an occurrence of ¢, which is a contradiction.
If case 2 applies, then h(xi,℘l (i) ) = ε, 1 ≤ l ≤ 4. If, on the other hand, case 1
applies, then we can conclude that h(xi,℘l (i) ) = a, 1 ≤ l ≤ 4.
We can now construct a set C of vertices of G in the following way. For
every i, 1 ≤ i ≤ n, and for every tj ∈ Ni , if h(xj,i ) 6= ε, then we add tj to C.
As explained above, for every i, 1 ≤ i ≤ n, there exists exactly one l, 1 ≤ l ≤ 4,
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such that h(x℘l (i),i ) = a, which implies that |C ∩ Ni | ≥ 1. Now assume that,
for some i, |C ∩ Ni | ≥ 2, i. e., there exist j, j 0 , 1 ≤ j < j 0 ≤ 4, such that
h(xj,i ) = h(xj 0 ,i ) = a. This is a contradiction to h(βi ) = ui . Thus, C is a
perfect code for G.
Next, we prove the only if direction. Let C be a perfect code for G. We
now construct a substitution h for α with h(α) = w and, for every x ∈ var(α),
|h(x)| ≤ 1. Since C is a perfect code, for every i, 1 ≤ i ≤ n, there is exactly one
pi , 1 ≤ pi ≤ n, such that {tpi } = Ni ∩ C (i. e., for every i, 1 ≤ i ≤ n, tpi is the
vertex that the perfect code selects from Ni ). Hence, for every i, 1 ≤ i ≤ n, we
define h(xpi ,i ) = a and h(x) = ε for all the other variables xi,j . We note that
this directly implies that, for every i, 1 ≤ i ≤ n, h(βi ) = ui is satisfied.
Now, for every i, 1 ≤ i ≤ n, it only remains to define h(yi ), h(yi0 ) and
h(zi,l ), l, 1 ≤ l ≤ 4, in such a way that h(γi ) = vi is satisfied. To this end,
let i, 1 ≤ i ≤ n, be arbitrarily chosen. If ti ∈ C, then this implies that, for
every l, 1 ≤ l ≤ 4, h(xi,℘l (i) ) = a. Thus, h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) =
a4 . Therefore, we define h(yi ) := ¢, h(yi0 ) := ε and h(zi,l ) := ε, 1 ≤ l ≤ 4.
Consequently,
h(γi ) = h(yi ) ¢ h(xi,℘1 (i) · · · xi,℘4 (i) ) ¢ h(zi,1 · · · zi,4 ) h(yi0 )
= h(yi ) ¢ a4 ¢ h(zi,1 · · · zi,4 ) h(yi0 )
= ¢ ¢ a4 ¢
= vi .
If, on the other hand, ti ∈
/ C, then this implies that, for every l, 1 ≤ l ≤ 4,
h(xi,℘l (i) ) = ε. Thus, h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) = ε. Therefore, we define
h(yi ) := ε, h(yi0 ) := ¢ and h(zi,l ) := a, 1 ≤ l ≤ 4. Consequently,
h(γi ) = h(yi ) ¢ h(xi,℘1 (i) · · · xi,℘4 (i) ) ¢ h(zi,1 · · · zi,4 ) h(yi0 )
= h(yi ) ¢ ¢ h(zi,1 · · · zi,4 ) h(yi0 )
= ¢ ¢ a4 ¢
= vi .
We conclude that, for every i, 1 ≤ i ≤ n, h(γi ) = vi , which implies h(α) = w.
We note that by the above definitions, |h(x)| ≤ 1, x ∈ var(α), is satisfied.
This concludes the proof.
2
We can observe that in the definition of ΦE , all occurrences of symbol #
can be substituted by a ¢4 a and the lemma above still holds. This is due to the
fact that then in α there are as many occurrences of factor a ¢4 a as in w, which
implies that every substitution h that maps α to w must map βi to ui and γi
to vi , for every i, 1 ≤ i ≤ n. Thus, we can conclude in the same way as in the
proof above that there must exist a perfect code for the corresponding graph.
In the following, let ΦE denote this refined version of the reduction.
We shall now extend the reduction ΦE to a reduction Φ0E that maps a given
3-regular graph G to a terminal-free pattern α and a word w ∈ {¢, a}∗ , such
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that, for every x ∈ var(α), |α|x ≤ 2. Since variations on the following construction shall also be used for later results, we spend some more time in order to
informally explain it. The basic idea is that we modify the reduction for the nonterminal-free case in such a way that all terminal symbols in the pattern, which
mainly act as separators, are substituted by special separator-variables. The
difficulty is that we have to enforce that a substitution that maps the pattern
to the word also maps the separator-variables to the corresponding separator
symbols, since then they play the same role as the separators, which allows us
to argue in a similar way as before. Especially in the erasing case this can be
difficult to achieve, which leads to a more complicated structure of the pattern
and the word. Furthermore, since we want to maintain the bound on the number of occurrences per variable, we have to use an individual separator-variable
for each occurrence of a separator. We shall now give the formal definitions of
this construction.
Let (α0 , w0 ) := ΦE (G). First, we observe that there are 2n occurrences of ¢
in the part γ1 γ2 . . . γn of α0 and 2n − 1 distinct occurrences of factor # = a ¢4 a
in α0 . Hence, there are m := 2n + 8n − 4 occurrences of ¢ and m0 := 4n − 2
occurrences of a in α0 . We now obtain α00 from α0 by substituting, for every i,
1 ≤ i ≤ m, the ith occurrence of ¢ by a single occurrence of a new variable y¢,i
and, for every i, 1 ≤ i ≤ m0 , the ith occurrence of a by a single occurrence of a
new variable ya,i . Finally, we define
α := y¢,1 y¢,2 . . . y¢,m · zb · za,1 za,2 . . . za,|α00 |

ya,1 ya,2 . . . ya,m0 · zb · α00 za,|α00 | za,|α00 |−1 . . . za,1 ,
00

0

00

w := ¢m ¢ a|α | am ¢ w0 a|α | ,
and Φ0E (G) := (α, w), where the za,i , 1 ≤ i ≤ |α00 |, and zb are new variables. We
observe that w ∈ {a, ¢}∗ , for every variable x ∈ var(α0 ), |α0 |x = |α|x and, for
every x ∈ var(α) \ var(α0 ), |α|x = 2.
The variables y¢,i and ya,i are the separator-variables and the variables za,i
and zb are auxiliary variables that are used in order to force the separatorvariables to be mapped to the corresponding separator symbols.
Lemma 5. Let (α, w) := Φ0E (G). There is a perfect code in G if and only if
there exists a substitution h for α such that h(α) = w and, for every x ∈ var(α),
|h(x)| ≤ 1.
Proof. Let (α0 , w0 ) := ΦE (G). By using Lemma 4, we can prove this lemma
by showing that there exists a substitution h for α with |h(x)| ≤ 1, x ∈ var(α),
and h(α) = w if and only if there exists a substitution g for α0 with |h(x)| ≤ 1,
x ∈ var(α0 ), and g(α0 ) = w0 . The if direction is obvious, since if g(α0 ) = w0 ,
then h(α) = w, where h(x) := g(x), x ∈ var(α0 ), and h(y¢,i ) := ¢, 1 ≤ i ≤ m,
h(b
z ) := ¢, h(ya,i ) := a, 1 ≤ i ≤ m0 , h(za,i ) := a, 1 ≤ i ≤ |α00 |.
In order to prove the only if direction, we assume that there exists a substitution for α with h(α) = w, and, furthermore, |h(x)| ≤ 1 for every x ∈ var(α)
is satisfied, which is crucial for the following argument. First, we observe that
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if |h(y¢,1 . . . y¢,m zb)| < m + 1, then there exists an i, 1 ≤ i ≤ |α00 |, such that
h(za,1 . . . za,i−1 ) = ε and h(za,i ) = ¢. This is due to the fact that if all variables
za,i , 1 ≤ i ≤ |α00 |, are erased, then
h(y¢,1 . . . y¢,m zb ya,1 . . . ya,m0 zb α00 ) = w ,
which is a contradiction, since
|y¢,1 . . . y¢,m zb ya,1 . . . ya,m0 zb α00 | = m + 1 + m0 + 1 + |α00 | <
m + 1 + m0 + |α00 | + 1 + |w0 | + |α00 | = |w| .

We wish to point out here, that this is only a contradiction because |h(x)| ≤ 1,
x ∈ var(α). However, if, for some i, 1 ≤ i ≤ |α00 |, h(za,1 . . . za,i−1 ) = ε and
h(za,i ) = ¢, then h(α) ends with symbol ¢, which is a contradiction, since w
ends with a. Consequently, none of the variables y¢,i is erased, which means,
since they are mapped to a word of length at most 1, h(y¢,i ) = ¢, 1 ≤ i ≤ m,
00
0
and h(b
z ) = ¢. This means that h(za,1 . . . za,|α00 | ya,1 . . . ya,m0 ) = a|α | am ; thus,
h(za,i ) = a, 1 ≤ i ≤ |α00 |, and h(ya,i ) = a, 1 ≤ i ≤ m0 . Thus, h(α00 ) = w0 is
implied, where h maps every variable y¢,i , 1 ≤ i ≤ m, to ¢ and every variable
ya,i , 1 ≤ i ≤ m0 , to a. Therefore, we can conclude that h(α0 ) = w0 holds as well.
2
It is straightforward to see that the mapping Φ0E can be computed in polynomial time; thus, from Lemma 5, we can now conclude Theorem 3. For all our
further reductions it will be easy to see that they can be computed in polynomial
time, so we shall not explicitly mention this anymore.
We conclude this section by pointing out that the pattern matching problem
that Baker considers in [5], and for which she presents efficient algorithms, in
fact relies on the problem PMV, where the length of the substitution words is
bounded by 1. However, in [5] only non-erasing and injective substitutions are
considered and with Theorem 3 we can conclude that Baker’s pattern matching
problem most likely cannot be solved in polynomial time if it is generalised to
the erasing and non-injective case.
4.2. The Non-Erasing Case
As mentioned in Section 3, Clifford et al. show in [9] that the non-erasing,
terminal-free and non-injective case of the pattern matching problem with variables is NP-complete, even if additionally the parameters ρ|Σ| and ρ|h(x)| are
bounded. We strengthen this result by stating that the NP-completeness is
preserved, even if in addition also ρ|α|x is bounded and this holds both for the
terminal-free and non-terminal-free case. However, we are only able to prove
these results for the case that parameter ρ|α|x is bounded by 3 and the case
where ρ|α|x is bounded by 2 is left open (recall that in the non-erasing case,
if ρ|α|x is bounded by 1, then PMV can be easily solved in polynomial time).
Furthermore, for the terminal-free case we have slightly larger constant bounds
on the parameters ρ|α|x and ρ|Σ| . Therefore, in the non-erasing case we can
show an analogue of Theorem 3, but the constants are a bit larger.
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Theorem 6.
1. [ρ3|h(x)| , ρ2|α|x , ρ2|Σ| ]-[NE, n-inj, n-tf]-PMV is NP-complete.
2. [ρ3|h(x)| , ρ3|α|x , ρ4|Σ| ]-[NE, n-inj, tf]-PMV is NP-complete.
The proof of Theorem 6 proceeds similar as the one for Theorem 3, i. e., we
first give a reduction that proves statement 1 of Theorem 6 and then we extend
this reduction to the terminal-free case. However, adapting the reduction to the
terminal-free case increases the constant bounds of 2 for parameters ρ|α|x and
ρ|Σ| to 3 and 4, respectively.
We shall now extend the reduction ΦE to a reduction ΦNE , which works
for the non-erasing case. The basic idea is the following. We use the same
alphabet Σ = {a, ¢, #} as for ΦE , but instead of representing whether or not a
vertex is selected as a member of the perfect code by mapping the corresponding
variable to either a or ε, it is mapped to either aa or a, i. e., the βi are mapped to
a5 . This means that all the variables that represent different occurrences of the
same vertex in different neighbourhoods must be synchronised by mapping them
to either a4 or a8 , which requires more sophisticated synchronisation gadgets
(γi , vi ) with more auxiliary variables in γi and a more complicated form of vi .
We now formally define ΦNE by pointing out in which regards it differs from
ΦE . The βi parts are defined in exactly the same way and ui := a5 , 1 ≤ i ≤ n.
Furthermore, for every i, 1 ≤ i ≤ n,
0
0
0
0
0
γi := zi,0 zi,1 zi,2 zi,3 zi,4 ¢ xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢ zi,0
zi,1
zi,2
zi,3
zi,4
and

vi := ¢5 ¢ a8 ¢ a4 ¢ ¢5 .
Finally, ΦNE (G) := (α, w), where α and w are constructed by concatenating the
βi , γi , ui and vi with occurrences of # as separators in the same way as it is
0
done in the definition of ΦE . Obviously, every variable of form zi,j or zi,j
has
exactly one occurrence in α. Every variable of form xi,j has one occurrence in
each βj and γi . Thus, for every x ∈ var(α), |α|x ≤ 2 still holds.
Lemma 7. Let (α, w) := ΦNE (G). There is a perfect code in G if and only if
there exists a non-erasing substitution h for α such that h(α) = w and, for every
x ∈ var(α), |h(x)| ≤ 3.
Proof. We begin with the if direction and assume that there exists a nonerasing substitution h for α with h(α) = w and, for every x ∈ var(α), |h(x)| ≤
3. Since in α there are as many occurrences of # as in w, we can conclude
that, for every i, 1 ≤ i ≤ n, h(βi ) = ui and h(γi ) = vi . Thus, for every i,
1 ≤ i ≤ n, h(βi ) = a5 , which directly implies that, for every l, 1 ≤ l ≤ 4,
h(x℘l (i),i ) ∈ {a, aa}.
Now we assume that, for some i, 1 ≤ i ≤ n, h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) )
is not of the form a8 or a4 . This implies that there is a factor ¢ ap ¢ in h(γi ),
where 5 ≤ p ≤ 7. This is a contradiction, since h(γi ) = vi and there is no
such factor in vi = ¢5 ¢ a8 ¢ a4 ¢ ¢5 . Consequently, for every i, 1 ≤ i ≤ n, either
h(xi,℘l (i) ) = aa for every l, 1 ≤ l ≤ 4, or h(xi,℘l (i) ) = a for every l, 1 ≤ l ≤ 4.
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By collecting all ti with h(xi,℘l (i) ) = aa, l, 1 ≤ l ≤ 4, this translates into a
perfect code in the same way as in the proof of Lemma 4, which concludes the
if direction.
Next, we prove the only if direction. To this end, we assume that there
exists a perfect code C for G. We construct now a non-erasing substitution
h for α with h(α) = w and, for every x ∈ var(α), |h(x)| ≤ 3. Now let i,
1 ≤ i ≤ n, be arbitrarily chosen. If ti ∈ C, then, for every l, 1 ≤ l ≤ 4, we define
h(xi,℘l (i) ) := aa and if, on the other hand, ti ∈
/ C, then, for every l, 1 ≤ l ≤ 4,
we define h(xi,℘l (i) ) := a. Since, for every i, 1 ≤ i ≤ n, |C ∩ Ni | = 1, we can
conclude that h(βi ) = ui . It only remains to define, for every i, 1 ≤ i ≤ n, and
0
every l, 0 ≤ l ≤ 4, h(zi,l ) and h(zi,l
) in such a way that h(γi ) = vi is satisfied.
This is achieved in the following way.
Let i with 1 ≤ i ≤ n be arbitrarily chosen. If h(xi,℘l (i) ) = aa, 1 ≤ l ≤ 4,
referred to as case 1, then we define h such that h(zi,0 zi,1 · · · zi,4 ) = ¢5 and
0
0
0
h(zi,0
zi,1
· · · zi,4
) = a4 ¢ ¢5 . If, on the other hand, h(xi,℘l (i) ) = a, 1 ≤ l ≤ 4,
referred to as case 2, then we define h such that h(zi,0 zi,1 · · · zi,4 ) = ¢5 ¢ a8 and
0
0
0
h(zi,0
zi,1
· · · zi,4
) = ¢5 . We note that the definitions above can be done in such
0
a way that, for every l, 0 ≤ l ≤ 4, |h(zi,l )| ≤ 3 and |h(zi,l
)| ≤ 3. We conclude
that in case 1
0
0
0
h(γi ) = h(zi,0 zi,1 · · · zi,4 ) ¢ h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) ¢ h(zi,0
zi,1
· · · zi,4
)
0
0
0
= h(zi,0 zi,1 · · · zi,4 ) ¢ a8 ¢ h(zi,0
zi,1
· · · zi,4
)

= ¢5 ¢ a8 ¢ a4 ¢ ¢5
and in case 2
0
0
0
h(γi ) = h(zi,0 zi,1 · · · zi,4 ) ¢ h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) ¢ h(zi,0
zi,1
· · · zi,4
)
0
0
0
= h(zi,0 zi,1 · · · zi,4 ) ¢ a4 ¢ h(zi,0
zi,1
· · · zi,4
)

= ¢5 ¢ a8 ¢ a4 ¢ ¢5 .
Consequently, for every i, 1 ≤ i ≤ n, h(γi ) = vi is satisfied, which implies that
h(α) = w.
We observe that, for every i, 1 ≤ i ≤ n and every l, 1 ≤ l ≤ 4, h(xi,℘l (i) ) ∈
{aa, a} and, as explained above, for every l, 0 ≤ l ≤ 4, |h(zi,j )| ≤ 3 and
0
|h(zi,j
)| ≤ 3. This implies that, for every x ∈ var(α), |h(x)| ≤ 3, which concludes
the proof.
2
In a way similar as before, we can observe that if we encode the symbol #
by a ¢7 a, then Lemma 7 still holds. This proves Theorem 6.1.
Next, we show how ΦNE can be extended to the terminal-free case. To
this end, similar as in the erasing case, we apply the idea of substituting the
terminal symbols in the pattern by separator-variables. However, in the nonerasing case it is easier to enforce the separator-variables to be mapped to
the corresponding separator symbols, since we do not have to take care of the
situation that separator-variables are erased.
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Let (α0 , w0 ) := ΦNE (G), where ΦNE is the mapping that uses the alphabet
{a, #, ¢}, i. e., the reduction without the encoding of symbol # by a ¢7 a. We
now define a terminal-free pattern α and a word w by modifying α0 and w0 .
Firstly, all occurrences of symbols ¢ or # in α0 are substituted by new individual
symbols (i. e., we use |α0 |¢ + |α0 |# new symbols) and for every new such symbol
b, by π(b) we denote the original symbol that has been substituted by b. We
now assume that after this modification in α0 there occur exactly the symbols
¢1 , ¢2 , . . . , ¢m . Then, for every j, 1 ≤ j ≤ m, we substitute each ¢j by a new
variable y¢j and we denote this modified version of α0 by α00 . Next, we define
α := y% y% y¢1 y¢2 · · · y¢m y% α00 ,
w := % % π(¢1 ) π(¢2 ) · · · π(¢m ) % w0 ,
and Φ0NE (G) := (α, w), where % is a new symbol and y% is a new variable. We
observe that α is terminal-free, for every x ∈ (var(α0 ) ∩ var(α)), |α0 |x = |α|x
and, for every x ∈ (var(α) \ var(α0 )), |α|x ≤ 3. Thus, for every x ∈ var(α),
|α|x ≤ 3. Furthermore, w ∈ {a, #, ¢, %}∗ . The following lemma shows that
Φ0NE is a valid reduction.
Lemma 8. Let (α, w) := Φ0NE (G). There is a perfect code in G if and only if
there exists a non-erasing substitution h for α such that h(α) = w and, for every
x ∈ var(α), |h(x)| ≤ 3.
Proof. Let (α0 , w0 ) := ΦNE (G). Again, we prove the lemma by using Lemma 7,
i. e., we show that there exists a substitution h for α0 such that h(α0 ) = w0 and,
for every x ∈ var(α0 ), |h(x)| ≤ 3, if and only if there exists a substitution g
for α such that g(α) = w and, for every x ∈ var(α), |g(x)| ≤ 3. The only if
direction of this statement follows trivially from the fact that if h(α0 ) = w0 , then
h can be extended to g with g(α) = w by mapping the separator-variables to
the corresponding separator symbols.
It remains to prove the if direction. To this end, we assume that there
exists a substitution g for α such that g(α) = w and, for every x ∈ var(α),
|g(x)| ≤ 3. We observe that g(y% ) = % holds, since otherwise g(y% ) = % % · · · ,
which implies that there are at least 6 occurrences of symbol % in g(α), a
contradiction to g(α) = w. In particular, this also means that g(α00 ) = w0
and g(y¢1 y¢2 · · · y¢m ) = π(¢1 ) π(¢2 ) · · · π(¢m ); thus, for every i, 1 ≤ i ≤ m,
g(y¢i ) = π(¢i ). This directly implies g(α0 ) = w0 .
2
From Lemma 8, the second statement of Theorem 6 follows, which concludes
the proof of Theorem 6.
5. The Injective Case
In the remainder of the main part of this paper, we shall focus on the injective
variants of PMV. A main difference between the injective and the non-injective
cases is that in the injective case, bounding ρ|Σ| and ρ|h(x)| already yields polynomial time solvability (see Theorem 9 below), whereas the non-injective case
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remains NP-complete, even if we additionally bound ρ|α|x (as stated in Section 4). Informally speaking, this is due to the fact that if ρ|Σ| and ρ|h(x)| are
bounded by some constants, then the number of words variables can be substituted with is bounded by some constant, say c, as well. Now if we additionally
require injectivity, then the number of variables that are substituted with nonempty words is bounded by c, too, which directly implies the polynomial time
solvability for the non-erasing case. In order to extend this result to the erasing
case, we apply a technique similar to the one used by Geilke and Zilles in [15].
Theorem 9. Let k1 , k2 ∈ N, let Z ∈ {E, NE} and let T ∈ {tf, n-tf}. The
2
1
]-[Z, inj, T ]-PMV is in P.
, ρk|h(x)|
problem [ρk|Σ|
Proof. Since the case Z = NE can be proved analogously to the case Z = E,
we shall only prove the latter.
Let α be a pattern and let w be a word over Σ := {a1 , a2 , . . . , ak1 }. Let S be
an arbitrary subset of var(α). We say that S satisfies condition (∗) if and only
if there exists an E-injective substitution h with h(α) = w, 1 ≤ |h(x)| ≤ k2 , for
every x ∈ S, and h(x) = ε, for every x ∈ var(α) \ S. For any set S ⊆ var(α), it
can be checked in time exponential in |S| whether S satisfies condition (∗). More
precisely, this can be done in the following way. First, we obtain a pattern β
from α by erasing all variables in var(α)\S. Then we use a brute-force algorithm
to check whether or not there exists an injective non-erasing substitution h with
|S|
h(β) = w and 1 ≤ |h(x)| ≤ k2 , x ∈ var(β), which can be done in time O(k2 ).
k
For the sake of convenience, we define k 0 := k2 × k1 2 . We observe that there
are less than k 0 non-empty words over {a1 , a2 , . . . , ak1 } of length at most k2 .
This implies that every substitution h that maps more than k 0 variables to nonempty words of length at most k2 is necessarily not E-injective. So, for every
set S ⊆ var(α), if |S| > k 0 , then S does not satisfy condition (∗). Consequently,
there exists an E-injective substitution h with h(α) = w, |h(x)| ≤ k2 , for every
x ∈ var(α), if and only if there exists a set S ⊆ var(α) with |S| ≤ k 0 and S
satisfying the condition (∗).
We conclude that we can solve the problem stated in the theorem by enumerating all possible sets S ⊆ var(α) with |S| ≤ k 0 and, for each of these sets,
checking whether they satisfy condition (∗). Since the number of sets S ⊆ var(α)
with |S| ≤ k 0 is
0


k 
X
| var(α)|
i=0

i

0

≤

k
X

0

0

| var(α)|i ≤ (k 0 + 1) var(α)k = O(| var(α)|k ) ,

i=0

the running time of this procedure is exponential only in k 0 ; thus, since k 0 is a
constant, it is polynomial.
2
Theorem 9 implies that if P 6= NP, then an analogue of Theorems 3 and 6 does
not exist in the injective case. However, it remains to investigate all the injective
variants where either ρ|h(x)| and ρ|α|x are bounded, but ρ|Σ| is unbounded or ρ|Σ|
and ρ|α|x are bounded, but ρ|h(x)| is unbounded. For all these variants, we can
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prove NP-completeness, but for some of the results we need more complicated
reductions than the ones used for the non-injective case. Furthermore, the
specific constant bounds in our results are larger, especially for the parameter
ρ|h(x)| . Again, we start with the erasing case and take care of the non-erasing
case later on.
5.1. The Erasing Case
We first show the NP-completeness for the situation that the parameters
ρ|h(x)| and ρ|α|x are bounded.
Theorem 10.
1. [ρ5|h(x)| , ρ2|α|x ]-[E, inj, n-tf]-PMV is NP-complete.
2. [ρ5|h(x)| , ρ4|α|x ]-[E, inj, tf]-PMV is NP-complete.
As before, our proof strategy consists again in adapting the reduction ΦE
(see Lemma 4) first to the injective case and then to the injective and terminalfree case. In the reduction ΦE , all variables xi,j that are not erased are mapped
to the same word a, which is the reason why this reduction does not work for the
injective case. Therefore, for the injective case, we use several individual symbols
ai , 1 ≤ i ≤ n, in order to ensure that the substitution that maps the pattern to
the word is injective. More precisely, we use the alphabet Σ := {ai , ¢i , #j | 1 ≤
i ≤ n, 1 ≤ j ≤ 2n − 1}, the size of which depends on the size of the graph G, i. e.,
the alphabet size is not bounded by a constant, which we can afford since the
parameter ρ|Σ| is unbounded. The parts βi that represent the neighbourhoods
are defined as usual, but, for every i, 1 ≤ i ≤ n, the corresponding factors ui
equal the symbol ai instead of a. In the vi , instead of having 4 occurrences of a,
we have to list all 4 different symbols that correspond to the 4 neighbourhoods
in which ti occurs. More precisely, for every i, 1 ≤ i ≤ n, we define
γi := zi ¢i xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢i zi0 and
vi := ¢i ¢i a℘1 (i) a℘2 (i) a℘3 (i) a℘4 (i) ¢i .
Finally, we construct α and w as usual, but we use individual separators, i. e.,
we define
α := β1 #1 β2 #2 · · · #n−1 βn #n γ1 #n+1 γ2 #n+2 · · · #2n−1 γn ,
w := u1 #1 u2 #2 · · · #n−1 un #n v1 #n+1 v2 #n+2 · · · #2n−1 vn ,
and ΨE,1 (G) := (α, w).
The use of individual separators #i , 1 ≤ i ≤ 2n − 1, is not really necessary
here, but it helps us to extend this reduction to the terminal-free case later on.
We note that every variable zi , zi0 , 1 ≤ i ≤ n, has only one occurrence in α.
For every i, 1 ≤ i ≤ n, and every j with tj ∈ Ni , variable xj,i has exactly one
occurrence in βi and exactly one occurrence in γj . Thus, for every x ∈ var(α),
|α|x ≤ 2.
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Lemma 11. Let (α, w) := ΨE,1 (G). There is a perfect code in G if and only
if there exists an E-injective substitution h for α such that h(α) = w and, for
every x ∈ var(α), |h(x)| ≤ 5.
Proof. We begin with the if direction and assume that there exists an Einjective substitution h for α, such that h(α) = w and, for every x ∈ var(α),
|h(x)| ≤ 5. By the use of the symbols #i , 1 ≤ i ≤ 2n − 1, we can conclude
that, for every i, 1 ≤ i ≤ n, h(βi ) = ui and h(γi ) = vi . Consequently, for
every i, 1 ≤ i ≤ n there is exactly one l, 1 ≤ l ≤ 4, with h(x℘l (i),i ) = ai and
h(x℘l0 (i),i ) = ε, 1 ≤ l0 ≤ 4, l 6= l0 . Furthermore, since, for every i, 1 ≤ i ≤ n,
the factor ¢i xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢i of γi must be mapped to a factor of
vi that is delimited by occurrences of ¢i , we can conclude
case 1: h(¢i xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢i ) = ¢i a℘1 (i) a℘2 (i) a℘3 (i) a℘4 (i) ¢i or
case 2: h(¢i xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢i ) = ¢i ¢i .
This is due to the fact that if h(¢i xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ¢i ) equals the
word ¢i ¢i a℘1 (i) a℘2 (i) a℘3 (i) a℘4 (i) ¢i , then in h(β1 #1 β2 #2 · · · #n−1 βn ) there is
an occurrence of ¢i , which is a contradiction. If case 2 applies, then h(xi,℘l (i) ) =
ε, 1 ≤ l ≤ 4. If, on the other hand, case 1 applies, then we can conclude that
h(xi,℘l (i) ) = a℘l (i) , 1 ≤ l ≤ 4. From this observation, we can conclude in the
same way as in the proof of Lemma 4 that we can construct a perfect code for
G.
In order to prove the only if direction, let C be a perfect code for G. We
now construct an E-injective substitution h for α with h(α) = w and, for every
x ∈ var(α), |h(x)| ≤ 5. Since C is a perfect code, for every i, 1 ≤ i ≤ n, there is
exactly one pi , 1 ≤ pi ≤ n, such that tpi ∈ Ni ∩ C (i. e., for every i, 1 ≤ i ≤ n,
tpi is the vertex that is chosen from Ni as a member of the perfect code). Hence,
for every i, 1 ≤ i ≤ n, we define h(xpi ,i ) = ai and h(x) = ε for all the other
variables xi,j . We note that this directly implies that, for every i, 1 ≤ i ≤ n,
h(βi ) = ui is satisfied.
Now it only remains, for every i, 1 ≤ i ≤ n, to define h(zi ) and h(zi0 ) in such a
way that h(γi ) = vi is satisfied. To this end, let i, 1 ≤ i ≤ n, be arbitrarily chosen. If ti ∈ C, then this implies that, for every l, 1 ≤ l ≤ 4, h(xi,℘l (i) ) = a℘l (i) .
Thus, h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) = a℘1 (i) a℘2 (i) a℘3 (i) a℘4 (i) . Therefore, we
define h(zi ) = ¢i and h(zi0 ) = ε. It can be easily verified that this implies
h(γi ) = vi . If, on the other hand, ti ∈
/ C, then, for every l, 1 ≤ l ≤ 4,
h(xi,℘l (i) ) = ε. Thus, h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) = ε. Hence, we define
h(zi ) = ε and h(zi0 ) = a℘1 (i) a℘2 (i) a℘3 (i) a℘4 (i) ¢i and again this means that
h(γi ) = vi is satisfied. We conclude that, for every i, 1 ≤ i ≤ n, h(γi ) = vi ,
which implies h(α) = w.
Next, we can observe that, for every x ∈ var(α), |h(x)| ≤ 5. It remains
to prove that h is E-injective, i. e., each two variables that are not erased are
mapped to different words. For all the variables xi,j this is obviously true. Next,
we observe that, for every i, 1 ≤ i ≤ n, if h(zi ) or h(zi0 ) is not the empty word,
then h(zi ) or h(zi0 ), respectively, contains ¢i . This implies that, for every i, j,
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1 ≤ i < j ≤ n, and every zb ∈ {zi , zi0 }, ze ∈ {zj , zj0 }, if h(b
z ) 6= ε and h(e
z ) 6= ε, then
h(b
z ) 6= h(e
z ). Furthermore, for the same reasons, for every i, i0 , 1 ≤ i, i0 ≤ n,
every j with ti ∈ Nj and every z ∈ {zi0 , zi00 }, if h(xi,j ) 6= ε and h(z) 6= ε, then
h(xi,j ) 6= h(z). Finally, since, for every i, 1 ≤ i ≤ n, either h(zi ) or h(zi0 ) is
empty, we can conclude that h is E-injective.
2
Lemma 11 implies the first statement of Theorem 10.
Next, we extend the reduction ΨE,1 to a reduction Ψ0E,1 that works for
the terminal-free case. The general strategy is again to introduce separatorvariables, which, due to the required injectivity, need to be mapped to individual separator symbols. This is the reason why we already use such individual
separator symbols in the definition of ΨE,1 . Now let α0 and w0 be the pattern
and the word given by the mapping ΨE,1 . Firstly, for every i, 1 ≤ i ≤ 2n − 1,
we substitute every occurrence of #i in α0 by a new variable y#i and, for every
i, 1 ≤ i ≤ n, we substitute every occurrence of ¢i in α0 by a new variable y¢i .
Thus, we obtain a terminal-free pattern, which we denote by α00 . Next, we
define
α := (y#1 y#2 · · · y#2n−1 y¢1 y¢2 · · · y¢n )2 α00 α00 ,
w := (#1 #2 · · · #2n−1 ¢1 ¢2 · · · ¢n )2 w0 w0 ,
and Ψ0E,1 (G) := (α, w). We note that all the variables in α that also occur in α0
have twice as many occurrences in α as in α0 and all the variables {y¢i , y#j | 1 ≤
i ≤ n, 1 ≤ j ≤ 2n − 1} have at most 4 occurrences. Thus, for every x ∈ var(α),
|α|x ≤ 4.
Lemma 12. Let (α, w) := Ψ0E,1 (G). There is a perfect code in G if and only
if there exists an E-injective substitution h for α such that h(α) = w and, for
every x ∈ var(α), |h(x)| ≤ 5.
Proof. Let (α0 , w0 ) := ΨE,1 (G). By using Lemma 11, we can prove the statement of the lemma by showing that there exists an E-injective substitution h
for α0 such that h(α0 ) = w0 and, for every x ∈ var(α0 ), |h(x)| ≤ 5, if and only if
there exists an E-injective substitution g for α such that g(α) = w and, for every
x ∈ var(α), |g(x)| ≤ 5. The only if direction follows in the usual way, i. e., we
can extend h such that the separator variables are mapped to the corresponding
separator symbols.
It remains to prove the if direction. To this end, we assume that there exists
an E-injective substitution g for α such that g(α) = w and, for every x ∈ var(α),
|g(x)| ≤ 5. If g(y#i ) := #i , 1 ≤ i ≤ 2n − 1, and g(y¢i ) := ¢i , 1 ≤ i ≤ n, then
g(α0 ) = w0 holds as well. Hence, in the following, we assume that this is not
satisfied.
If, for some z ∈ {y¢i , y#j | 1 ≤ i ≤ n, 1 ≤ j ≤ 2n − 1}, |g(z)| ≥ 2, then g(z)
contains a factor u ∈ {#i #i+1 , #2n−1 ¢1 , ¢i ¢i+1 , ¢n #1 , ¢n a1 }. In α there are
at least 3 occurrences of z, but there are at most 2 occurrences of factor u in w.
Thus, we can conclude that, for every z ∈ {y¢i , y#j | 1 ≤ i ≤ n, 1 ≤ j ≤ 2n − 1},
|g(z)| ≤ 1. Next, we observe that if, for some z ∈ {y¢i , y#j | 1 ≤ i ≤ n, 1 ≤
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j ≤ 2n − 1}, g(z) = ε, then |g((y#1 y#2 · · · y#2n−1 y¢1 y¢2 · · · y¢n )2 )| < 2(2n −
1 + n). This means that g(α00 α00 ) = u w0 w0 , where u is a non-empty suffix
of (#1 #2 · · · #2n−1 ¢1 ¢2 · · · ¢n )2 . This is a contradiction, since g(α00 α00 ) is a
square, but u w0 w0 is not a square. Consequently, we can conclude that, for
every i, 1 ≤ i ≤ 2n − 1, g(y#i ) = #i and, for every i, 1 ≤ i ≤ n, g(y¢i ) = ¢i .
This particularly implies that g(α0 ) = w0 , which concludes the proof.
2
From Lemma 12 the second statement of Theorem 10 follows, which concludes the proof of Theorem 10.
The question is now whether or not, in the injective and erasing case, the
NP-completeness is preserved if instead of ρ|h(x)| , the parameter ρ|Σ| is bounded
by a constant. We can answer this question in the affirmative.
Theorem 13.
1. [ρ2|α|x , ρ2|Σ| ]-[E, inj, n-tf]-PMV is NP-complete.
2. [ρ9|α|x , ρ5|Σ| ]-[E, inj, tf]-PMV is NP-complete.
Both statements of Theorem 13 can be proved by modifying the reduction
ΨE,1 in such a way that the many different symbols {ai , ¢i , #j | 1 ≤ i ≤ n, 1 ≤
j ≤ 2n − 1} used in ΨE,1 are encoded as long binary words, i. e., we trade in
the bound of the length of the substitution words for a bound on the alphabet
size. When proving that the thus obtained reduction is correct, we can generally
proceed as in the proof of Lemma 11, but we have to be a bit more careful, since
we also have to show that it is impossible for a substitution to map variables to
proper factors of the binary code words for the original symbols. More precisely,
the reduction ΨE,2 is defined in the following way. For every i, 1 ≤ i ≤ n, we
substitute all occurrences of ai in α and w by a bi a, all occurrences of ¢i by
a bn+i a and all occurrences of #j by a b2n+j a. Let α and w be the pattern
and the word produced by this mapping, which is denoted by ΨE,2 . We observe
that w ∈ {a, b}∗ and, for every x ∈ var(α), |α|x ≤ 2.
Lemma 14. Let (α, w) := ΨE,2 (G). There is a perfect code in G if and only if
there exists an E-injective substitution h for α such that h(α) = w.
Proof. The only if direction follows from the proof of Lemma 11. We let
(α0 , w0 ) = ΨE,1 (G). If there exists a perfect code in (G), then there exists a
substitution g with g(α0 ) = w0 , according to Lemma 11. This implies that
h(α) = w, where h is obtained from g by replacing all the symbols ai , ¢i , 1 ≤
i ≤ n, and #j , 1 ≤ j ≤ 2n − 1, in the images of g by the corresponding code
words defined above. Furthermore, the E-injectivity of g is preserved.
It remains to prove the if direction. To this end, we first note that if there
exists an E-injective substitution h for α, such that h(α) = w, then, since the
binary encoded separators work in the same way as before, we can conclude
that, for every i, 1 ≤ i ≤ n, h(βi ) = ui and h(γi ) = vi . This particularly implies
that, for every i, 1 ≤ i ≤ n,
h(x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i ) = abi a, and ∗1
h(xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) ) ∈ {ab℘1 (i) a ab℘2 (i) a ab℘3 (i) a ab℘4 (i) a, ε} . ∗2
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Moreover, since ∗1 holds, for every l, 1 ≤ l ≤ 4, if h(x℘l (i),i ) ∈
/ {abi a, ε},
then h(x℘l (i),i ) is non-empty and contains 0 or 1 occurrence of a, which is a
contradiction to ∗2 . Thus, for every l, 1 ≤ l ≤ 4, h(x℘l (i),i ) ∈ {abi a, ε} and, in
conjunction with ∗1 this implies that there exists exactly one such l, 1 ≤ l ≤ 4,
with h(x℘l (i),i ) = abi a and h(x℘l0 (i),i ) = ε, 1 ≤ l0 ≤ 4, l 6= l0 .
Now, we can conclude just in the same way as in the proof of Lemma 11
that there exists a perfect code for G.
2
From Lemma 14 we can conclude the first statement of Theorem 13.
In order to prove statement 2 of Theorem 13, we do not modify ΨE,2 , but
again ΨE,1 from above. The general idea is that we first use a binary encoding
for the different terminal symbols {ai , ¢i , #j | 1 ≤ i ≤ n, 1 ≤ j ≤ 2n − 1}, as it
is done in the definition of ΨE,2 , and then we replace in the pattern all the code
words by separator-variables. This is necessary, since using separator-variables
for single symbols would conflict with the injectivity. The difficulty is now that
we have to construct the pattern and the word in such a way that the separatorvariables are necessarily mapped to the corresponding code words, instead of
single symbols. This requires a more complicated form of the pattern and the
word, compared to the one used in the definition of Ψ0E,1 . The formal definition
of this construction is as follows.
Let (b
α, w)
b := ΨE,1 . For every i, 1 ≤ i ≤ n, we substitute all occurrences of
ai in α
b and w
b by a bi a. Then, we substitute in α
b every individual occurrence of
a terminal #j , 1 ≤ j ≤ 2n − 1, and ¢i , 1 ≤ i ≤ n, by a new terminal symbol
and we do the same with respect to the word w.
b The thus obtained pattern and
word are denoted by α0 and w0 , respectively. We assume now that after this
transformation, in α0 there occur exactly the terminals ¢1 , ¢2 , . . . , ¢m . Then, we
substitute each ¢j in α0 by a new variable y¢j and each ¢j in w0 by ¢j := ¢ #j ¢.
We denote these modified versions of α0 and w0 by α00 and w00 , respectively.
Next, we define
δ := y% y% y¢1 y% y¢2 y¢1 y¢3 y¢2 y¢4 y¢3 · · · y¢m−3 y¢m−1 y¢m−2 y¢m y¢m−1 ,
wδ := % % ¢1 % ¢2 ¢1 ¢3 ¢2 ¢4 ¢3 · · · ¢m−3 ¢m−1 ¢m−2 ¢m ¢m−1 ,
where % is a new symbol and y% is a new variable. It is necessary to illustrate
the structure of δ and wδ . If, for example, m = 6, then
δ := y% y% y¢1 y% y¢2 y¢1 y¢3 y¢2 y¢4 y¢3 y¢5 y¢4 y¢6 y¢5 ,
wδ := % % ¢1 % ¢2 ¢1 ¢3 ¢2 ¢4 ¢3 ¢5 ¢4 ¢6 ¢5 .
The idea of δ and wδ is the following. We first make sure that y% is mapped
to %, which then forces y¢1 to be mapped to ¢1 , since y¢1 and ¢1 are delimited
by two occurrences of y% and %, respectively. Analogously, y¢2 is then forced
to be mapped to ¢2 and by repeating this argument, we can conclude that all
the separator variables are mapped to the desired code words. We conclude the
definition of the reduction by
α := (δ)2 (y¢1 y¢2 · · · y¢m )3 (α00 )2 ,
w := (wδ )2 (¢1 ¢2 · · · ¢m )3 (w00 )2 ,
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and Ψ0E,2 (G) := (α, w). We observe that w ∈ {a, b, #, ¢, %}∗ , α is terminal-free,
for every x ∈ (var(α0 ) ∩ var(α)), |α0 |x = 2|α|x and, for every x ∈ (var(α) \
var(α0 )), |α|x ≤ 9. Thus, for every x ∈ var(α), |α|x ≤ 9.
Lemma 15. Let (α, w) := Ψ0E,2 (G). There is a perfect code in G if and only if
there exists an E-injective substitution h for α such that h(α) = w.
Proof. Let (α0 , w0 ) := ΨE,1 (G). We prove the statement by using Lemma 11,
i. e., we show that there exists an E-injective substitution h for α0 such that
h(α0 ) = w0 if and only if there exists an E-injective substitution g for α such
that g(α) = w. The only if direction follows trivially, i. e., we can extend h
such that the separator variables are mapped to the corresponding code words
defined above.
It remains to prove the if direction. To this end, we assume that there exists
an E-injective substitution g for α such that g(α) = w. If
g((δ)2 (y¢1 · · · y¢m )3 ) 6= (wδ )2 (¢1 · · · ¢m )3 ,
then either g((α00 )2 ) is a proper suffix of (w00 )2 or g((α00 )2 ) is of the form w
b (w00 )2 ,
2
3
where w
b is a non-empty suffix of (wδ ) (¢1 ¢2 · · · ¢m ) . It can be verified that
every proper suffix of (w00 )2 is not a square and, for every non-empty suffix w
b
b (w00 )2 is not a square either. Hence, since g((α00 )2 ) is
of (wδ )2 (¢1 ¢2 · · · ¢m )3 , w
a square, we can conclude that
g((δ)2 (y¢1 · · · y¢m )3 ) = (wδ )2 (¢1 · · · ¢m )3 .
Furthermore, g(y% ) = % % · · · is not possible, since this implies that there are
at least 12 occurrences of % in g(α). If, on the other hand, g(y% ) = ε, then
either,
1. for some i, 1 ≤ i ≤ m, g(y¢i ) = · · · % · · · , or,
2. for some i, j, 1 ≤ i, j ≤ n, (xi,j ) = · · · % · · · .
Case 1 is not possible, since there are 8 occurrences of y¢i in α, but only 6
occurrences of % in w. If we have case 2, then, for every i, 1 ≤ i ≤ m,
g(y¢i ) = ε, which implies that g(α00 α00 ) = w. This is a contradiction, since
w is not a square. Consequenty, g(y% ) = %, which particularly implies that
g(y¢1 ) = ¢1 . We note that there are exactly as many occurrences of y¢1 in
(δ)2 (y¢1 · · · y¢m )3
as there are occurrences of ¢1 in
(wδ )2 (¢1 ¢2 · · · ¢m )3 .
This implies that g(y¢2 ) = ¢2 and, in a similar way, we can show that, for
every i, 2 ≤ i ≤ m − 2, g(y¢i ) = ¢i in conjunction with g(y¢i+1 ) = ¢i+1 implies
g(y¢i+2 ) = ¢i+2 . Therefore, for every i, 1 ≤ i ≤ m, g(y¢i ) = ¢i , which implies
that g(α0 ) = w0 .
2
From Lemma 15 we can conclude the second statement of Theorem 13, which
concludes the proof of Theorem 13.
This solves all the open questions with respect to the injective and erasing
case and in the following, we take care of the non-erasing case.
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5.2. The Non-erasing Case
It remains to investigate the question of whether or not the NP-completeness
results presented in Theorems 10 and 13 also hold for the non-erasing case. As
in the previous section, we start now with the situation that ρ|h(x)| and ρ|α|x
are the parameters that are bounded.
3
Theorem 16. [ρ36
|h(x)| , ρ|α|x ]-[NE, inj, tf]-PMV is NP-complete.

We shall prove Theorem 16 by first defining a reduction from 3RPerCode
3
to [ρ36
|h(x)| , ρ|α|x ]-[NE, inj, n-tf]-PMV and then we extend this reduction to the
terminal-free case.
The task of finding suitable reductions for proving Theorem 16 leads to
difficulties that are particular with respect to the injective and non-erasing case.
In order to illustrate these problems in a bit more detail, we recall the reduction
ΦNE that has been used to reduce 3RPerCode to the non-injective and nonerasing variant of PMV. In this reduction, every variable is mapped to either
a or aa, where the image aa means that the corresponding vertex is chosen as a
member for the perfect code. Here, in order to cater for the injectivity, we map
xj,i to ai to represent that vertex tj is chosen from neighbourhood Ni , which is
similar to the reduction ΨE,1 . However, if tj is not chosen from neighbourhood
Ni , then, since we cannot erase it, we have to map it to a special false symbol
b. Furthermore, the injectivity condition dictates that all these false symbols
must be distinct symbols, which means that x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i , i. e.,
the pattern representation of Ni , must be mapped to 3 false symbols and ai .
Since we do not know which vertex should be mapped to ai , we have to allow
x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i to be mapped to either ai bi,1 bi,2 bi,3 , bi,1 ai bi,2 bi,3 ,
bi,1 bi,2 ai bi,3 or bi,1 bi,2 bi,3 ai , where the bi,1 , bi,2 and bi,3 are the individual false
symbols and the situation that a variable x℘l (i),i , 1 ≤ l ≤ 4, is mapped to bi,r ,
1 ≤ r ≤ 3, means that t℘l (i) is the rth vertex in Ni , that is not chosen. This
version of the gadget that selects the vertices from the neighbourhoods causes
problems for the synchronisation gadget. More precisely, in the synchronisation
gadget, if vertex i has been selected, then xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) should
be mapped to a℘1 (i) a℘2 (i) a℘3 (i) a℘4 (i) . If, on the other hand, vertex i has not
been selected, then xi,℘1 (i) xi,℘2 (i) xi,℘3 (i) xi,℘4 (i) has to be mapped to a factor
y1 y2 y3 y4 , where yr ∈ {b℘r (i),1 , b℘r (i),2 , b℘r (i),3 }, but the actual values of these
yr , 1 ≤ r ≤ 4, depend on which vertex has been chosen from neighbourhood
N℘r (i) and, thus, this cannot be explicitly represented in the structure of the
pattern and the word. Therefore, in the synchronisation gadget, we have to
cater for all these possibilities of mapping the variables xi,℘r (i) to symbols from
{b℘r (i),1 , b℘r (i),2 , b℘r (i),3 }, 1 ≤ r ≤ 4.
We are now ready to define a mapping ΨNE,1 that maps G to a pattern α and
a word w over Σ := {ai , bi,j , ei,j 0 , ¢i , $i , # | 1 ≤ i ≤ n, 1 ≤ j ≤ 3, 1 ≤ j 0 ≤ 5},
such that, for every x ∈ var(α), |α|x ≤ 2. In the following construction, we shall
use many variables that have just one occurrence in the whole pattern α. In
order to improve the readability, we denote all these single occurrence variables
by the symbol z, keeping in mind that any occurrence of symbol z represents an
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individual variable with just one occurrence. Furthermore, we shall call these
variables the z-variables.
For every i, 1 ≤ i ≤ n,
βi := z ¢i x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i ¢i z
ui := ¢i ¢i ai bi,1 bi,2 bi,3 ¢i bi,1 ai bi,2 bi,3 ¢i bi,1 bi,2 ai bi,3 ¢i bi,1 bi,2 bi,3 ai ¢i ¢i .
Furthermore, for every i, 1 ≤ i ≤ n, we define
γi := z $i (z xi,℘1 (i) z xi,℘2 (i) z xi,℘3 (i) z xi,℘4 (i) z)2 $i z and
vi := $i $i (b
vi )2 $i (v i )2 $i $i
and
vbi := ei,1 b℘1 (i),1 b℘1 (i),2 b℘1 (i),3 ei,2 b℘2 (i),1 b℘2 (i),2 b℘2 (i),3
ei,3 b℘3 (i),1 b℘3 (i),2 b℘3 (i),3 ei,4 b℘4 (i),1 b℘4 (i),2 b℘4 (i),3 ei,5 ,
v i := ei,1 a℘1 (i) ei,2 a℘2 (i) ei,3 a℘3 (i) ei,4 a℘4 (i) ei,5 .
Finally, we define
α := β1 # β2 # · · · # βn # γ1 # γ2 # · · · # γn ,
w := u1 # u2 # · · · # un # v1 # v2 # · · · # vn ,
and ΨNE,1 (G) := (α, w). By definition, each of the z-variables has only one
occurrence in α. For every i, 1 ≤ i ≤ n, and every j with tj ∈ Ni , variable xj,i
has exactly one occurrence in βi and exactly two occurrences in γj . Thus, for
every x ∈ var(α), |α|x ≤ 3.
Lemma 17. Let (α, w) := ΨNE,1 (G). There is a perfect code in G if and only
if there exists an injective non-erasing substitution h for α such that h(α) = w
and, for every x ∈ var(α), |h(x)| ≤ 36.
Proof. We begin with the if direction and assume that there exists an injective
non-erasing substitution h for α, such that h(α) = w and, for every x ∈ var(α),
|h(α)| ≤ 36. Since in α there are as many occurrences of # as in w, we can
conclude that, for every i, 1 ≤ i ≤ n, h(βi ) = ui and h(γi ) = vi . Obviously, the
factor x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i of βi must be mapped to a factor of ui that
is delimited by occurrences of ¢i . Moreover, h(x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i )
cannot contain occurrences of ¢i , since this implies that there are occurrences
of ¢i in some h(γj ) as well. Consequently,
h(x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i ) ∈ { ai bi,1 bi,2 bi,3 ,
bi,1 ai bi,2 bi,3 ,
bi,1 bi,2 ai bi,3 ,
bi,1 bi,2 bi,3 ai } .
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Thus, for every i, 1 ≤ i ≤ n, there exists exactly one l, 1 ≤ l ≤ 4, such
that h(x℘l (i),i ) = ai and h(x℘l0 (i),i ) ∈ {bi,1 , bi,2 , bi,3 }, 1 ≤ l0 ≤ 4, l 6= l0 .
Now let i, 1 ≤ i ≤ n, be arbitrarily chosen. We recall that h(γi ) = vi and
we observe that h($i (zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z)2 $i ) = $i (b
vi )2 $i (v i )2 $i
2
2
is not possible, since (b
vi ) $i (v i ) is not a square. Therefore,
$i (zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z)2 $i
is mapped to either $i (b
vi )2 $i or $i (v i )2 $i , which, in particular, implies that
h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) ∈ {b
vi , v i }. We recall that, as demonstrated
above, every variable xi,℘l (i) , 1 ≤ l0 ≤ 4, is either mapped to a℘l (i) or to
some symbol in {b℘l (i),1 , b℘l (i),2 , b℘l (i),3 }. Hence, if, for some l, 1 ≤ l ≤ 4,
h(xi,℘l (i) ) = a℘l (i) , then
h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) = v i
and h(xi,℘l0 (i) ) = a℘l0 (i) , for every l0 , 1 ≤ l0 ≤ 4. Similarly, if h(xi,℘l (i) ) ∈
{b℘l (i),1 , b℘l (i),2 , b℘l (i),3 }, then
h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) = vbi
and h(xi,℘l0 (i) ) ∈ {b℘l0 (i),1 , b℘l0 (i),2 , b℘l0 (i),3 }, for every l0 , 1 ≤ l0 ≤ 4. From these
observations we can conclude in the usual way that there exists a perfect code
for C.
Next, we prove the only if direction. Let C be a perfect code for G. We now
construct an injective non-erasing substitution h for α with h(α) = w and, for
every x ∈ var(α), |h(x)| ≤ 36. Since C is a perfect code, for every i, 1 ≤ i ≤ n,
there is exactly one pi , 1 ≤ pi ≤ n, such that {tpi } = Ni ∩ C (i. e., for every i,
1 ≤ i ≤ n, tpi is the vertex that is chosen from Ni as a member of the perfect
code). Hence, for every i, 1 ≤ i ≤ n, we define h(xpi ,i ) = ai . We define
 h(x℘2 (i),i ) := bi,1 , h(x℘3 (i),i ) = bi,2 and h(x℘4 (i),i ) := bi,3 , if pi = ℘1 (i),
 h(x℘1 (i),i ) := bi,1 , h(x℘3 (i),i ) = bi,2 and h(x℘4 (i),i ) := bi,3 , if pi = ℘2 (i),
 h(x℘1 (i),i ) := bi,1 , h(x℘2 (i),i ) = bi,2 and h(x℘4 (i),i ) := bi,3 , if pi = ℘3 (i),
 h(x℘1 (i),i ) := bi,1 , h(x℘2 (i),i ) = bi,2 and h(x℘3 (i),i ) := bi,3 , if pi = ℘4 (i).

Thus,
h(x℘1 (i),i x℘2 (i),i x℘3 (i),i x℘4 (i),i ) ∈ { ai bi,1 bi,2 bi,3 ,
bi,1 ai bi,2 bi,3 ,
bi,1 bi,2 ai bi,3 ,
bi,1 bi,2 bi,3 ai }
is satisfied. We note that we can now define the images of the z-variables
in βi in such a way that h(βi ) = ui and these images have a length of at
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most |bi,1 ai bi,2 bi,3 ¢i bi,1 bi,2 ai bi,3 ¢i bi,1 bi,2 bi,3 ai ¢i ¢i | = 16. Hence, for every i,
1 ≤ i ≤ n, h(βi ) = ui is satisfied.
Now, for every i, 1 ≤ i ≤ n, it only remains to define the z-variables
in γi in such a way that h(γi ) = vi is satisfied. To this end, let i, 1 ≤
i ≤ n, be arbitrarily chosen. If ti ∈ C, then this implies that, for every
l, 1 ≤ l ≤ 4, h(xi,℘l (i) ) = a℘l (i) . Thus, we can map the 5 z-variables of
zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z to the symbols ei1 , ei2 , ei3 , ei4 and ei5 , respectively, which implies h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) = v i . Furthermore, the substitution words for the remaining z-variables can be defined such
that h(γi ) = vi and all the images of z-variables have a length of at most
|$i $i (b
vi )2 | = 36.
If, on the other hand, ti ∈
/ C, then this implies that, for every l, 1 ≤ l ≤ 4,
h(xi,℘l (i) ) ∈ {b℘l (i),1 , b℘l (i),2 , b℘l (i),3 }. Thus, we can define the substitution
words for the z-variables in zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z in such a way that
h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) = vbi is satisfied, which also means that
the substitution words for the remaining z-variables can be defined such that
h(γi ) = vi and, furthermore, all the images of z-variables have a length of at
most |(v i )2 $i $i | = 20. We conclude that, for every i, 1 ≤ i ≤ n, h(γi ) = vi ,
which implies h(α) = w.
Finally, we have to show that h is injective. To this end, we first note that
according to the definitions above, for all i, i0 , 1 ≤ i, i0 ≤ n, and for all j, j 0 with
tj ∈ Ni and tj 0 ∈ Ni0 , if i 6= i0 or j 6= j 0 , then h(xj,i ) 6= h(xj 0 ,i0 ). Furthermore,
for every i, 1 ≤ i ≤ n, the two z-variables in βi are mapped to two different
words that both contain at least one occurrence of symbol ¢i . For every i,
1 ≤ i ≤ n, if h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) = v i , then the z-variables in
zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z are mapped to ei,1 , ei,2 , . . . , ei,5 , respectively,
and the two remaining z-variables of γi are mapped to different words that both
contain $i . If, on the other hand, h(zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z) = vbi ,
then it can be easily verified that, for every l, 1 ≤ l ≤ 5, the lth z-variable of
zxi,℘1 (i) zxi,℘2 (i) zxi,℘3 (i) zxi,℘4 (i) z must be mapped to a word that contains the
occurrence of symbol ei,l and, again, the two remaining z-variables of γi are
mapped to different words that both contain $i . These considerations demonstrate that h is an injective substitution, which concludes the proof.
2
In order to extend the reduction ΨNE,1 to a reduction Ψ0NE,1 , which works
for the terminal-free case, we apply an idea that is similar to the one used
to extend ΦNE to Φ0NE . Let α0 and w0 be the pattern and word produced by
ΨNE,1 . In both α0 and w0 , we substitute every individual occurrence of some
symbol in {¢i , $i , # | 1 ≤ i ≤ n} by a new symbol. We now assume that after
this modification in α0 there occur exactly the terminal symbols ¢1 , ¢2 , . . . , ¢m .
Then, we substitute each ¢j by a new variable y¢j and we denote these modified
versions of α0 and w0 by α00 and w00 , respectively. Next, we define
α := y% y% y¢1 y¢2 · · · y¢m y% α00 ,
w := % % ¢1 ¢2 · · · ¢m % w00 ,
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and Ψ0NE,1 (G) := (α, w), where % is a new symbol and y% is a new variable.
We observe that α is terminal-free, for every x ∈ (var(α0 ) ∩ var(α)), |α0 |x = |α|x
and, for every x ∈ (var(α) \ var(α0 )), |α|x ≤ 3. Thus, for every x ∈ var(α),
|α|x ≤ 3.
Lemma 18. Let (α, w) := Ψ0NE,1 (G). There is a perfect code in G if and only
if there exists an injective non-erasing substitution h for α such that h(α) = w
and, for every x ∈ var(α), |h(x)| ≤ 36.
Since the proof of Lemma 18 is analogous to the one for Lemma 8, we just
give a brief sketch. If there is a perfect code in G, then it follows from Lemma 17
that there exists an injective non-erasing substitution h for α0 such that h(α0 ) =
w0 and, for every x ∈ var(α0 ), |h(x)| ≤ 36, where (α0 , w0 ) := ΨNE,1 (G). This
implies that there also exists an injective non-erasing substitution g for α such
that g(α) = w and, for every x ∈ var(α), |g(x)| ≤ 36, since we can extend h
by mapping all the separator-variables to the corresponding separator symbols.
Moreover, if there exists an injective non-erasing substitution g for α such that
g(α) = w and, for every x ∈ var(α), |g(x)| ≤ 36, then, by the same argument used in the proof of Lemma 8, g must map y% to % and every y¢i to ¢i .
Lemma 18 directly implies Theorem 16.
As in the erasing case, we shall now show that the NP-completeness is preserved if instead of ρ|h(x)| , the parameter ρ|Σ| is bounded by a constant.
Theorem 19. [ρ3|α|x , ρ2|Σ| ]-[NE, inj, tf]-PMV is NP-complete.
Analogously to the erasing case, we prove Theorem 19 by encoding different
symbols by words over a constant alphabet. It turns out that in the non-erasing
case, this can be done in a simple way.
Let α and w be the pattern and the word given by Ψ0NE,1 (G). For the sake of
convenience, let Σ := {c1 , c2 , . . . , ck } be the symbols in w, let α = y1 y2 · · · yn ,
yi ∈ var(α), 1 ≤ i ≤ n, and let w = d1 d2 · · · dm , di ∈ Σ, 1 ≤ i ≤ m. Firstly,
we define α0 := y1 b y2 b · · · b yn and w0 := d1 b d2 b · · · b dm , where b ∈
/ Σ. Then,
α00 := α0 and w00 := π(w0 ), where π is a morphism (Σ ∪ {b})∗ → {a, b}∗ defined
by π(ci ) := ai , 1 ≤ i ≤ k, and π(b) := b. Finally, we define ΨNE,2 (G) :=
(α00 , w00 ). We note that, for every x ∈ var(α), |α|x = |α00 |x , and w00 ∈ {a, b}∗ ;
thus, |α|x ≤ 3, x ∈ var(α).
Lemma 20. Let (α, w) := ΨNE,2 (G). There is a perfect code in G if and only
if there exists an injective non-erasing substitution h for α such that h(α) = w.
Proof. Let (α0 , w0 ) := Ψ0NE,1 (G). We prove the lemma by applying Lemma 18,
i. e., we show that there exists an injective non-erasing substitution h for α0 such
that h(α0 ) = w0 and, for every x ∈ var(α), |h(x)| ≤ 36, if and only if there exists
an injective non-erasing substitution g for α such that g(α) = w.
We shall first prove the only if direction of this statement. To this end, we
assume that there exists an injective non-erasing substitution h with h(α0 ) = w0
and, for every x ∈ var(α), |h(x)| ≤ 36. We define an injective non-erasing
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substitution g for α in the following way. For every x ∈ var(α0 ) with h(x) =
cj1 cj2 · · · cjl , we define g(x) := π(cj1 ) b π(cj2 ) b · · · b π(cjl ), where π is the morphism defined above. It can be verified with moderate effort that g(α) = w.
From the fact that h is injective it follows that g is injective as well.
Next, we prove the if direction of the statement. Let g be an injective nonerasing substitution for α with g(α) = w. We recall that in α every occurrence
of a variable is delimited by two occurrences of the symbol b. This implies that
if a variable is substituted by a word that starts or ends with b, then in h(α) the
factor bb occurs, which is a contradiction, since this factor does not occur in w.
Hence, for every x ∈ var(α), g(x) is of form aj1 b aj2 b · · · b ajl with l ≥ 1 and
j1 6= 0 6= jl . We can now simply translate the factors bai b back to the symbols
ci and obtain an injective non-erasing substitution h for α0 . More precisely, for
every x ∈ var(α) with g(x) = aj1 b aj2 b · · · b ajl , we define h(x) := cj1 cj2 · · · cjl .
It can be verified with moderate effort that h(α0 ) = w0 and, for every x ∈ var(α),
|h(x)| ≤ 36.
2
From Lemma 20 we can directly conclude Theorem 19 and we note that
Theorem 19 also implies that [ρ3|α|x , ρ2|Σ| ]-[NE, inj, n-tf]-PMV is NP-complete.
We wish to point out that the simple encoding of different symbols ci by
unary factors ai that are separated by occurrences of symbol b does not work in
the erasing case, where we use more complicated encodings in order to bound
the alphabet size (see Theorem 13). This is due to the fact that in the erasing
case, variables can be substituted by the empty word, which means that several
adjacent occurrences of symbol b may occur in the word. Therefore, if we encode
the terminal word by substituting all symbols by unary factors, separated by
occurrences of b, then it is not possible anymore to erase variables from the
pattern.
6. Conclusions and Future Research Directions
We shall now summarise all the main results of this work in Table 3 (the
entries have the same meaning as for Tables 1 and 2) and then we discuss
them in a bit more detail. The results presented in Table 3, together with the
observation that if ρ| var(α)| or ρ|w| is bounded, then PMV can be solved in
polynomial time (see Section 3), demonstrate that for every list of parameters
P , every Z ∈ {E, NE}, every I ∈ {inj, n-inj} and every T ∈ {tf, n-tf}, we can
now answer the question whether or not the parameters in P can be bounded
by constants such that P -[Z, n-inj, T ]-PMV is NP-complete.
Most of these questions are answered in the positive and the only polynomial time solvable variants with an unrestricted number of variables and an
unrestricted word length are the injective ones, where the maximum length of
substitution words as well as the alphabet size is bounded by constants.
We can further note that most of these results that a certain restricted variant of PMV is NP-complete are also true for small constants. In this regard,
the strongest results are obtained in the erasing and injective case. More precisely, for Z = E, I = n-inj and all T ∈ {tf, n-tf}, we know for all specific
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E / NE
E
NE
NE
E, NE
E
E
E
E
NE
NE

inj / n-inj
n-inj
n-inj
n-inj
inj
inj
inj
inj
inj
inj
inj

tf / n-tf
tf, n-tf
n-tf
tf
tf, n-tf
n-tf
tf
n-tf
tf
tf, n-tf
tf, n-tf

|h(x)|
1
3
3
N
5
5
–
–
36
–

|α|x
2
2
3
–
2
4
2
9
3
3

|Σ|
2
2
4
N
–
–
2
5
–
2

Compl.
NP-C
NP-C
NP-C
P
NP-C
NP-C
NP-C
NP-C
NP-C
NP-C

Thm.
3
6
6
9
10
10
13
13
16
19

Table 3: Summary of all new results

constants whether or not P -[Z, I, T ]-PMV is NP-complete if the parameters in
P are bounded by these constants. On the other hand, in the case Z = NE
and I = n-inj, even though the NP-completeness results hold for rather small
constants, too, we are not able to prove such a strong result, e. g., we do not
know whether PMV is NP-complete if ρ|h(x)| is bounded by 2 instead of 3.
In the injective case, the constant bounds for the NP-complete variants are
slightly larger, but, for most cases, still quite small. An exception is the nonerasing and injective case, where the number of variable occurrences and the
length of the substitution words is bounded. Here, we are only able to establish NP-completeness if the constant bound on the substitution word length
is at least 36. We conjecture that it is possible to further lower some of these
constants, especially in the injective case, without losing NP-completeness. Furthermore, while the problem 3RPerCode proves itself very useful in order to
obtain our hardness results, it may also be possible that by choosing a different
NP-complete source problem reductions can be found that improve some of our
constant bounds.
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